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1. Introduction

The classical continued fraction algorithm over the field of real numbers provides an integer sequence
that represents the given number by means of the following algorithm:

o =a,
an = |onl,

1 .
Unl = g—0r ifa, —a, #0,

where |-| denotes the integral part of a real number. The a,,’s and «,,’s are called partial and complete
quotients respectively. It is easy to see via the Euclidean algorithm that the procedure stops if and only
if we start from a rational number, and it is a classical theorem of Lagrange that the continued fraction
expansion is periodic if and only if « is a quadratic irrational. Moreover, in case of irrational numbers,
the continued fraction expansion provides the best rational approximations of the number; this is one
of the reasons why the study of continued fractions is very important in diophantine approximation and
transcendence theory. For the same reason, one would like to find more general notions of continued
fraction expansion, for example when we start from a division algebra B.
In this context, given a list [ay, . . ., a,] of nonzero elements in B, the simple continued fraction

1
a0+—1, with ag,...,a, € B,

a+ ——
. 1

4 —

an
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represents an element « € B. When B is also provided with a topology, under some hypotheses of
completeness and convergence, one can also define infinite continued fractions as

[ag,ai,...,a,...] = lim [ag,...,a,].
n—0oo

In this very general setting, several questions arise, concerning first the representability of elements in
the topological completion of B, the uniqueness of the representation, the existence of an algorithm to
compute the continued fraction expansion of any representable element, the convergence and quality
of the approximation. Moreover, one would be interested in characterizing those elements in B which
are represented by finite continued fractions and those elements in B which have a periodic continued
fraction.

As already mentioned before, the questions above have been extensively studied in the “classical” case,
i.e. when B is the real field endowed with the Euclidean topology. The first contributions date back to
the works of Wallis, Euler and Lagrange [3].

The theory of continued fractions has also been extended to p-adic fields; a complete and updated
review on this topics is provided by [16]. In this context, however, there is no natural definition of a
p-adic continued fraction, since there is no canonical definition for a p-adic floor function. A general
formulation of floor function for a p-adic field, where partial quotients satisfy some integrality properties,
is given in [5, Definition 3.1], inspired by the models proposed by [17] and [4]. In the same article, the
authors give a criterion for a p-adic floor function to provide finite continued fraction expansions for
every element of a given number field [5, Theorem 4.5]. This criterion applies, for instance, to norm-
Euclidean number fields, for sufficiently large p [5, Theorem 5.6].

In this paper, we address the case where B is a quaternion algebra over Q ramified at a rational prime
p» and the topology is the p-adic one.

The idea of studying continued fractions over algebras, and in particular quaternion algebras, goes
back to Hamilton [8, 9], who investigated the main properties of continued fractions over the skew
field of real quaternions and their relations with quadratic equations. Much work has been done on
(real) matrix-valued continued fractions, especially concerning their convergence and approximation
rate [1, 6,12, 15, 18, 22]. In [13] the authors prove the convergence of a wide class of continued fractions,
including generalized continued fractions over real quaternions and octonions.

However, a standard terminology for the p-adic case - and, more generally, an arithmetic approach
to the study of quaternionic continued fractions - is still missing. In analogy with the case of number
fields [5], we introduce the notion of quaternionic type associated to an order R in B. Namely, this is a
quadruple T = (B, R, p, s) where Bis a quaternion algebra, R is an order in B, p a prime > 3 and s a p-adic
floor function taking values in R[Z%]. Each quaternionic type gives rise to an algorithm that computes
the continued fraction expansion of every element in the p-adic completion of B. We show that the
convergents of such continued fractions enjoy many of the properties holding also in the commutative
case; in particular, their sequence converges with respect to the p-adic topology - which is the first
property one would expect from a meaningful definition of continued fraction.

Given a quaternionic type 7, we approach the problem of characterizing all the elements of B whose
continued fraction expansion is finite. Adopting a similar terminology as in [5], we say that a type 7
satisfies the Quaternionic Continued Fraction Finiteness (QCFF) if every & € B has a finite continued
fraction expansion of type 7.

To study the QCFF property, we introduce a notion of quaternionic height for the pair (B, R), which
is a particular instance of a height function associated to an adelic norm as defined in [19]. Using this
notion of height and applying the Northcott property, we prove a criterion which provides a sufficient
condition to establish the finiteness of the continued fraction algorithm.

Later on, we focus on the case of indefinite quaternion algebras of discriminant pg, with p and g two
primes: in this case, we mimic the classic algorithm for continued fractions in Q, given by Browkin [4],
to construct a concrete example of a quaternionic type. While every element of QQ has a finite continued
fraction expansion via Browkin algorithm, we show that, surprisingly, the analogous property does not
hold for this quaternionic type. Moreover, in some particular cases, we provide explicit examples of
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elements of B having purely periodic continued fraction expansion. In the final part of the paper, we
show how the main result can be applied to study the existence of solutions of some families of quadratic
polynomials with coefficients in B.

The paper is organized as follows: in Section 2, we recall some properties of quaternion algebras over
Q that will be useful in the paper; in Section 4.4 we introduce the notion of p-adic floor function and
then of quaternionic type; we study the main properties of these objects, proving that these provides
a suitable notion of quaternionic continued fractions. In Section 4 we introduce a suitable notion of
quaternionic height, which will be used in Section 5 to prove Theorem 5.2 which gives a criteria which
gives a sufficient condition to estabilish the finiteness of the continued fraction algorithm. In Section 6
we give some examples in the case of quaternion algebras of discriminant the product of two primes.
Finally, in Section 7 we show how to apply Theorem 5.2 to study the roots of some particular families of
quadratic polynomials with coefficients in B.

2. Some generalities on quaternion algebras over

We shall denote by M the set of rational places, and by M9 the subset of non-archimedean places.
Therefore,every v € MO corresponds to a rational prime g and is associated to an absolute value | - |
normalized in such a way that |q|; = é. If v = 00, then | - | is the usual absolute value.

We refer to [20, 21] for the basic definitions and properties of quaternion algebras and orders. In what
follows:
o Bisa quaternion algebra over Q of discriminant A > 1;
+ pisan odd prime dividing A;
e Risan orderin B.
If x € B, we shall denote by nrd (x) and trd(x) the reduced norm and trace of x, respectively.

For every rational place v € M, we put

B, =B ®Q Qv
and, if v is a non-archimedean place,
R, =R ®z Z,.

Therefore, R, is an order in B,,.

We say that B is ramified at v if B, is a division algebra, and split at v if B, = M;(Q,). Moreover, we say
that B is indefinite if it is split at 0o, definite otherwise. As explained in [21, Section 4.1], the definiteness
of B is equivalent to that of the quadratic form on B ® R given by the reduced norm.

Let us consider an odd prime g such that B is ramified at q. Following [21, Section 13.3], B; contains
a unique maximal order, that is

RZ“”C = {a € By | vg(nrd(er)) > 0}.

Notice that R}'* is a local ring; moreover, the g-adic valuation v4: Q4 — R U {00} can be extended to
a valuation on By, defined as
vq(nrd (@))

5 .

The map w, is a discrete valuation (see [21, Lemma 13.3.2]); this ensures that one can define g-adic
non-archimedean absolute value over By:

wy(a) =

1 Wq(a)
leelg = (6) for each o € By. (1)

The following result shows that B, is unique up to isomorphism.
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Theorem 2.1. Up to Qg-algebra isomorphism, we have

Q 2,

where j* = q and Qg denotes the unique quadratic unramified ! (separable) extension of Qg.

Proof. See [21, Thm. 13.3.11]. O

Remark 2.2. Notice that the standard generators of By can be chosen in B. To see this, write Q2 =
Qq[X1/f(X) for some irreducible quadratic polynomial f(X) = X2+ aX+a € QqlX]. As a
consequence of Krasner’slemma [21, Cor. 13.2.9], there exists a constant § > 0 such that any polynomial
g(x) = X* 4+ b1 X + by with |b; — a;]4 < § satisfies

QqlX1/f(X) = QqlX1/g(X).

In particular, one can choose g(X) € Q[X], and set the generator i as a root of g(X). Up to “completing
the square” (q is an odd prime), we can assume 2 € Q.

3. Quaternionic continued fractions

In this section we introduce a suitable notion of p-adic quaternionic continued fractions. To do this, we
first need to define an analogue of the usual floor function with good properties which guarantee the
convergence of the algorithm. We start with the following definition.

Definition 3.1. A p-adic floor function for the pair (B, R) is a function s: B, — B such that
o o —s(@)|, < 1foreverya € Bp;

+ s(a) € Ry for every prime g # p;

e s(0) =0;

o s(@) =s(B)ifla — B, < 1.

It is easy to see that, given a pair (B, R), the p-adic floor function is not unique, as the following result
shows.

Theorem 3.2. There exist infinitely many p-adic floor functions for the pair (B, R).

Proof. Let ey, e, e3, e4 be a basis of R over Z. Let & € B, and write o = Z?:l aje; with a; € Q. Fix
0 < € < 1. By strong approximation, for i = 1,.. ., 4, there exists 8; € Q such that

s Bi—ailp <€

o |Bilg = lifp #q.

Putg = Z?:l Biei. Then B € R, for every prime q # p. Since e; € Ry fori = 1,...,4 we also have

le — Blp < miaX{ldi — Bilpleilp} < mlde{lai = Bilp} < 1.
Then, we can define s(a) = . By letting € tend to 0, we obtain infinitely many p-adic floor functions

for (B, R). O

We now have the essentials tools for extending the classical continued fraction algorithm to our
setting. We keep the notation of Section 2: let s be a p-adic floor function for the pair (B, R), and ag
be an element in B,.

'i.e. g is also a generator for the maximal ideal of the valuation ring of qu.
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The following recursive algorithm computes the continued fraction expansion of «g:

an = s(an),
a1 = (ay — an)_l ifa, —ay, #0,

)

and the algorithm stops if &, = a,. Thus, the continued fraction expansion of ay is the (possibly infinite)
sequence [dg, a1, . . . |. The a;-s are called partial quotients, while the «;-s are called complete quotients.

Proposition 3.3. For every n > 1, we have |a,|, > 1.

Proof. By definition of ay,,

lanlp = Is@n)lp = [s((@n-1 — an-1)"")|, = [s((@n-1 = sten-1)7")],.

Since s is a floor function, |a, [, = |(@n—1 —s(ap—1)7 ! [p > 1. Moreover, since | - |, is non-archimedean,
the ultrametric inequality holds:

|otulp < max{| s(atn) — otulps [s(@n)p }.
~—— ———
>1 <1

Therefore, |a,|, must be > 1. O

We call a quaternionic type any quadruple T = (B, R, p, s) such that
o Bisadivision quaternion algebra over Q;
« Risan order of B;
o pisaprime number such that B is ramified at p;
o sisa p-adic floor function for the pair (B, R).

Special types

Assume that R contains an element 7 such that nrd () = £p. Then 7 is a uniformizer of R,. Since
R is dense in Ry, there is an isomorphism R/7R =~ R,/wR, >~ F». Let C € R be a complete set of
representatives for the quotient R/7 R. Then, every o € B, can be expressed uniquely as a Laurent series
a =Y, cxrk, where ¢, € C for every k. It is possible to define a p-adic floor function for the pair
(B, R) by

In analogy with [5, Section3.2], we shall denote the types T = (B, R, p, s) obtained in this way by t =
(B, R, ,(C), and we will usually call them special types.

For example, when B is indefinite and R is an Eichler order, then it is proven [21, Cor. 17.8.5] and [20,
Cor. 5.9] that every ideal in a maximal order is principal, so that there exists at least an element 7 € R of
reduced norm =%p. In fact there are infinitely many such elements, since the group of elements of reduced
norm 1 in R is infinite, as one can easily deduce from [20, Thm. 4.1.1].

If a quaternionic type t is fixed, a (quaternionic) continued fraction of type T is any sequence
[ao, a1 ... ] of elements of Im(s) such that |a;[, > 1 for each i # 0. A periodic sequence of the form
[ao, a1, ..., ak, ao, a1 . .. ] is usually denoted by [a, - - -, ax].

Similar definitions as for the classical case can be adopted in the (non-commutative) quaternionic
setting: for any continued fraction [ag, a1, . . . ], we define the sequences

A1=1, Ay = ay, A, =A,_1a,+A,_» forn > 1,
B_; =0, By=1, B, =B,—1a, + By—> forn > 1,
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and the matrices

An
By

an
1
An
B,
Proposition 3.4. For each n > 0,

Proof. We first observe

An An—l

Bn Bn—l
_ Ap1ay, +Ap
By—1a4 + By—2

— An—l
anl

= Bn—lAn

As usual, the n-th convergent is

Qn=ao+
a +

. 1
o
an

where the notation 1/« stands for o~ .

An—2 .
anz

for any n > 0. Therefore, (3) immediately follows by induction.

As in the commutative case, Q, can be expressed in terms of A, and B,,.

Proposition 3.5. Forn > 0

Qn = An(By) .

forn >0,
forn > 0.
(3)
Anfl
Bn—l
a, 1
1 0
O]
forn >0,
(4)

Proof. We prove the statement for any sequence {a,},en of elements in B, no matter if such sequence is
a continued fraction or not. For n = 0, the equality is trivial. Assume that the statement holds for any

sequence of length n — 1. Given ay, . .

.» an, define a new sequence

ai=a; for0<i<n-—1,
~ 1
an—1 = Ap—1 +a_’

n

and denote by Q; the corresponding partial convergents. Then

Qn = Qn—l
= An—l(én—l)i1

= (An—2ln-1 + An—3)Bn—2@n—1 + Bn—3) ",
where the second equality follows by inductive hypothesis. On the other hand,

An(By) ™t = (Ap—1an + Ap—2)(Bu—1an + Byz) ™

= ((An—Zan—l + Ap—3)an + An—Z) ((Bn—2an—1 + By—3)an + Bn—Z)il
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—1
= (An—z(an—lan +1D+ An—3an) (Bn—Z(an—lan +1+ Bn—3an)
— -1
= (Anfz(anflan +1)+ An73an) : anl “An - (Bn72(an71an +1)+ Bn73an)
= (An-28n-1 + An-3) Bu—2dn—1 + By—3) .

O
Proposition 3.6. For any n > 0, the following equalities hold:
n
Bulp = [ ] 14y (5)
j=1
Q= Quetlp = Q)
1BulpBn—1lp

Proof. We first prove (5) by induction: the case n = 1 holds trivially since B = a;. For n = 2 we have
[B2lp = la1az + 1|p = |aza1lp, where the second equality is granted by the fact that |a; |, [a2], > 1 and
the ultrametric inequality. Similarly, let us assume inductively that (5) holds for n — 1 and n — 2; then,
we have

n—1 n
|Bulp = max{|anBu1lp: [Bu-alp} = lanly - [ | lajlp = [ ] lajlp-
j=1 j=1

As for (6), if n = 1 we have
_ 1
|a1|p |Bl|p|BO|p'

Q1 — Qolp =

If n > 2, then we have:
Qu— Qu-1 = AuB,' — A,1B
= (Ap—1an + Ap—2)By—1an + By—2) "' — Ay_1B, L,
= (Ap—1an + Ap—z — An1B Y (By_ray + Bu—2)) - (Bu—ran + By—2)!
= (An—1an + Ap—2 — Ay—18n — Au—1B,,} |Bu—3) - (Bu_1an + Bp—2) ™"
= (An—2B, ', — An1B;, ' )Bu—2 - (By—1an + Bu—2)™"
= (Qu—2 — Qu-1) - By—1a4B, , + D71

Let us consider the second factor of the latter equality: by (5) and the ultrametric inequality we have

7)

|Bn—lanB;_12 + 1|p = |Bn—lanB;_12|p = |an—lan|p > L
Thus we may conclude

1 1 _ 1
lailp  [Ti=; lai—1ailp  |BulplBu—1lp’

|Qn — Qn—1|p =

This implies easily the following result.

Corollary 3.7. The sequence {Qy},eN is convergent with respect to the p-adic topology.

The previous corollary ensures that a sequence {Q},en is convergent. However, we still need to check
that, given a sequence of convergents defined by applying Algorithm (2) to some element, the p-adic limit
coincides with the element itself. To prove this, some preliminary results are needed.
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Lemma 3.8. Foreachn > 0,
|Oln|p = |an|p-

Proof. The case n = 0 is immediate. Fix any n > 1. Algorithm (2) yields

a, = a, + ,
A1

and we already showed that (see the proof of Proposition 3.3)

|an+1|p > L.
Therefore, the thesis follows from the ultrametric inequality. O
Lemma 3.9. Foreachn > 1,
a0 = (An@nt1 + An_1)(Bptus1 + Buo1) L (8)

Proof. For every n > 0, let us substitute a, by a,, in the expression of Q, and denote by Q, the resulting
element, i.e.

é() = o,
- 1
Qn=a0+—l forn > 1.
a; +
1 . ]
o
(o471
Algorithm (2) yields
1
a, = a, + >
Upt1

so that Q, = Q,,_; and therefore Q,, = « for each n > 1. On the other hand, by (4),
Qi1 = (Antut1 + An_1) (Butlns1 + By1) ™!

forn > 1.
O

Proposition 3.10. If the continued fraction expansion of g € B, is infinite, it converges p-adically to
Q.

Proof. By (1) we have
@0 — An(B) ™' = (An@ns1 + An—1) Buttnt1 + Buo1) ™! — Ap(By) ™!
= (Antns1 + Anmt — Ap(@tng1 + B ' Bu1)) (Buttng1 + Bue) ™!
= (Ap—1 — AnB; ' Bu_1) Buttps1 + Buop) ™!
= (Ap-1B,}| — AuB, ) Bu_1(Buttns1 + Bu_) ™"
= (Qu-1 — Q) Buotn1B,l ) + 171

The first factor p-adically converges to 0 thanks to Corollary 3.7, while the second factor converges to 0
by (5) and Lemma 3.8. O
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Proposition 3.11. Let {a,},cN be a sequence of elements in B such that, for each n € N,

e layl p > 1,

+ there exists a maximal order R C B such that a, € R, for every prime q # p,

o if|a; — ajlp < 1, then a; = a;.

Then there exists a floor function s such that [ag, a1, . . . ] is a continued fraction of type T = (B, R, p, s).
Moreover, let g € By be the p-adic limit of [ag, a1, ...]. Then, ag,ay,... are exactly the partial

quotients of the continued fraction expansion of «g.

Proof. Foreacha € Bp,letus define s(a) = a;if | —a;|, < 1forsomei € N; otherwise, let us construct
s as in Theorem 3.2. It is immediate to check that the resulting function is a floor function.

For each n € N, let Q, be n-th convergent of [ag, a1, ...]. Since we are assuming that {Qp},en
converges p-adically to o, there exists m > 1 such that |ag — Quu|p < 1. Then, ultrametric inequality
and (6) yield

oo — Qm—l|p < max{|o — Qm|p) Qm — Qm—1|p} <L
Thus, after iterating the above argument m times, we conclude |ag — agl, < 1 since Qp = ao. In
particular, s(@g) = ao by definition of s. Setting @, = (ay—1 — ay—1)~' for each n > 1, one can
inductively check that a, is the p-adic limit of [ay, ay+1, . .. ]. Therefore, o, — anlp < 1 by the same
argument. This proves that s(oy,) = a, and {a,}nen (resp. {@n}nen) are the partial (resp. complete)
quotients of the continued fraction expansion of «, as wanted. O

For any n > —1, let us define
V., =A, —aB,.

Then, one can prove the following useful equalities.

Proposition 3.12. For each n > 1, the following relations hold:

i) Vi=Vy_ia,+ Vuoa.

ii) Vy_i104 + Vy_p =0.

i) Vo = (=Dt ool
) [Vatlp = [Ty -

Proof.
i) Let us prove it by induction on n. The case n = 1 is an easy verification. Assume that the claim is
true for every m < n; then by definition we have
V., =A, —aB,
=Ay1a,+Au—2 —aB,_ja, —aB, >
= (An—1 —aBp_1)an + An—2 — aBys,

V-1 )

as wanted.

ii) We can mimic the proof of Lemma 3.9:~f0r everyn > 0, let us substitute a, by o, in the expression of
Vi (resp. Q,) and denote by V,, (resp. Q,) the resulting element. We have already observed Q, = o
for each n > 1. Thus,

Vn = (ax — én)Bn =0.
On the other hand, (i) ensures

Vo= Vu_10n + V2,

proving the claim.
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iii) From (ii) we get
an ==V, Vs,
so that
oy = (—D)"V,
since V_; = 1.
iv) Follows immediately from (iii) and Lemma 3.8.

4. Quaternionic heights

In this section we define a suitable notion of quaternionic height, using the work of Talamanca [19] in
which the author defines a height function associated to an adelic norm.

We begin by revising some basic definitions and properties related to such heights. For this, we follow
[19].

4.1. Local norms over a vector space

Let q be a rational prime. Let V be a finite-dimensional vector space over ;. A subset @ C Visa
Zg-lattice if it is a compact open Z;-module.
Every Zg-lattice 2 C V defines a norm Ng on V by

No(v) = inf |A|7L
a(v) Aqu,AveQ| l

Ng is an ultrametric norm on V, that is
s Nq(Av) = |A|4Nq(v) forallv € V;
e Nq(vi + v2) < max{Nq(vy), Nq(vy)} forall v;,v, € V.

4.2. Adelic norms on vectors spaces over global fields

Let now V be a Q-vector space. Let M C V be a lattice, that is a finitely generated subgroup containing
a basis of V over Q.
Put V; = V ®q Qy, for every g € M, and My = M ®7, Zy, for every v € M.
A family of norms F = {N, : V,, - R,v € Mk} is said to be an adelic norm on V' if
« every N, is a norm on K,, ultrametric if v € M°(K);
o there exists an Ok-lattice M C V such that N, = Ny, for all but finitely many v € MOK).

Remark 4.1. The last condition implies that if x € V then N, (x) = 1 for all but finitely many v.

4.3. Height function associated to an adelic norm

Given an adelic norm F, the height function on V associated to F is
Hro= ] N
ve M(K)

Notice that this is well-defined since the product is finite by the remark above.
We will denote by

H(V) = {HF | Fisan adelic norm on V}
the set of height functions associated to adelic norms.

The following properties are proven in [19, Prop. 1.1].
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« By the product formula,
Hr(ix) =Hrx) if1r € QF,

so that # r descends on a function on P(V), i.e., the projective space associated to V.
o IfHi,Hy € H(V), there exists a constant C = C(H, H,) > 1 such that, forallx € V,

S0 < Ha() = CHa ).

o Northcott property: For all C > 0 the set
{x] e P(V) | H(x) < C}

is finite.

4.4. The quaternionic case

Now let B be quaternion algebra over Q, and R be an order in B. Then, R is by definition a lattice in B.
We consider the adelic norm F = {N,,v € M} on B, where

e N, = N, if vis non-archimedean and B is unramified at v;

o N, =" |, (induced by the discrete valuation) if v is non-archimedean and B is ramified at v;

o N, is the operator norm on M, (R) or M;(C) if v is archimedean.
For these norms, it is straightforward to verify that the following multiplicative properties hold.

Proposition 4.2. For every v the norm N, is submultiplicative, that is
Ny(x- Y) < NV(X)NV(Y)a Vx,y € B.

Moreover, if v is non-archimedean and ramified, then N, is multiplicative

Ny(x-y) = N,®N,(y), V¥x,y € B.

5. A criterion for finiteness

Let T = (B,R,p,s) be a quaternionic type. In this section, we prove a sufficient criterion to decide
whether a type satisfies the QCFE To do this, we first need to prove an elementary result regarding
real linear recurrence sequences.

For any x € C, let us define

6(x) = %(|x|oo + I, + 9

then, we have the following inequality:

[Xloo = 0(x) < [x[oo + 1,

1

and the map 0 is a bijection from [0, +00) to [1, +00) whose inverse is given by y — y — 5

Lemma 5.1. Let (¢y)n=1 be any sequence of real numbers > 0 and let (t,)y>_1 be a sequence of real
numbers > 0 satisfying, for every n > 1 the inequality:

th < cntp—1 + th—2.
Then, there exists ¢ > 0 such that, for every n > 0,

n
max{ty, ts-1} < c- [ [0(5).
j=1
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Proof. For any complex matrix M, let us consider the operator norm

|[Mv]|
[IM]| = su ,
v£o |[Vl]

where ||v|| denotes the Euclidean norm of a complex vector. The following facts are well known (see for

example [10, Section 5]):

o My - M|l < |IMy]] - [IM2][5

o |IM|| = ]| where y is the dominant eigenvalue of M - M* (here M* denotes the transpose
conjugate of M).

In particular, we have that, for every a € C,

a 1
(o) =ee

1
O); then, for every n > 1 we have

tn th—1 ta_1
1)) = e ()| = | (12) | = e
tn
th—1

, as wanted. O

Cn

LetMn: (1

>

th—1
th—2

so that

max{|ty|oos [thi—1loo} <

n
<c-[]o,
j=1

with ¢ = H<t0>
f_1

Consider the adelic norm F defined in Section 4.4 and let 7 be the height function associated to F
as in Section 4.3. Let « € B and put V,, = A, — aBy; then, by Proposition 3.12 iv),

_ 1] _ 1 1\ wpla)) : . : )
o« Np(Vy) = ‘I—[]'?:l 5l,= ]_[;lz1 = (1—)) j=1 "7, where wy is the discrete valuation on Bp;
« for a non-archimedean g # p,
Nq(Vn) = maX{Nq(An)a Nq(“)Nq(Bn)} = max{Nq(a), 1}
o for the archimedean v = oo,
Noo(Vy) = Noo (V184 + Vii—2)

< Noo(Vi—1)Noo(an) + Noo(Vi—2) (by triangular inequality
and submultiplicativity)

n
< Coo(@) [ [0 (Noo(@))) (by Lemma 5.1).
j=1

These estimates for the norms allow us to prove a criterion to characterize the elements of the
quaternion algebra having finite continued fraction expansion.

Following the terminology introduced in [14] in the real case and in [5], we shall say that a
quaternionic type 7 satisfies the Quaternionic Continued Fraction Finiteness (QCFF) property if every
o € B has a finite expansion of type . We say that a pair (B, R) has the p-adic QCFF property if there
exists a quaternionic type (B, R, p, s) enjoying the QCFF property. We have the following result.

Theorem 5.2. Let T = (B,R,p,s) be a quaternionic type and let « € B having an infinite continued
fraction expansion [ag, a1,az .. .] of type T. Assume that there exists an eventual upper bound 1y for the
sequence
{9<Noo(an>) } .
lanlp neN ’
then, (1g > 1.
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Proof. We denote by

Cl@) = Cool@) - [ [ max{Ny(e), 1};
q#p

then

HV) = [] NV
veM

n n
< Coo(a) ne(Noo(a])) . l_[ max{Nq(a), 1} - l_[ W
j=1 q#p j=1'"'P

< C@) - -

If po < 1, then #(V,) — 0. By the Northcott property, we have that V,, = 0 for n >> 0 and the
continued fraction is finite, giving a contradiction. O

This implies the following criterion for the QCFF property.

Corollary 5.3. Let T = (B, R, p,s) be a quaternionic type. Define

6 (Neo(a))

| a € s(B),|al, > 1}.
lalp ’

-

If u < 1, then t satisfies the QCFF property.

5.1. Bounded types

A type T = (B,R,p,s) is said to be bounded if there exists a real number C > 0 such that Ny (s(B)) =
sup{Nwo(a) | a € s(B)} < C.

Proposition 5.4. For every triple (B, R, p) there exists a floor function s such that the type (B, R, p, s) is
bounded.

Proof. Let
P={xeR]||x|], <1}

Then, P is a lattice in B, so that there is a bounded fundamental domain D C B for the quotient
B /P. We construct a p-adic floor function s for B as follows. Let 7 be a uniformizer in R, and let us
consider a non trivial coset & + 7R, < Bp; by strong approximation, it contains an element &’ € B such
that o’ € R, for every rational prime g # p. Possibly translating o’ by a suitable element of P, we find a
B € R[Il)] such that 8 € D and @’ = B (mod P). Then, for every y € a + mR, we put s(y) = f and
7= (B,R,p,s). O

Theorem 5.5. Assume that T is a bounded type; then, there exists a positive integer K such that every infinite
continued fraction [ag, a1, . . . ] of type T either represents an element o € By \ B or theset {i | |a;|, < ﬁK}
is infinite.

Proof. Since T is bounded, there exists a real number C > 0 such that Ny (a,) < C for every n > 0.
Choose K > 0 such that C < ﬁK . Assume that @ € B), has an infinite expansion of type 7 in which only

finitely many partial quotients have absolute value < ﬁK ; we want to show that @ ¢ B. By hypothesis
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Noo(ay) < C, so that, for n > 0,

6 (Noo(an)) < C+1 - ﬁK+1
|an|p - ﬁK+l - \/1—)K+1

Therefore ;14 < 1 and we can apply Theorem 5.2 to get the conclusion. O

6. Construction of a p-adic type when A = pq

Fix a prime p > 3. We construct an indefinite division quaternion algebra B ramified at p, with the
further requirement that B is ramified only at p and at another place g # oo (we recall that the number
of ramified places of a quaternion algebra must be even [21, Thm. 14.6.1]). To ensure this, it is enough [2,

Lem. 1.21] to choose a prime ¢ = 1 mod 4 such that (g) = —landsetB = (%’) Ifp=3 mod 8,

also g = 2 can be chosen.

Consider the standard order R = 7.+ Zi+ Zj + Zij. One can prove [21, Ex. 15.2.10] that the reduced
discriminant of this order is 2pq, while the discriminant of B (i.e. the product of all ramified places) is
pq by construction. Therefore R’ is not maximal [21, Thm. 15.5.5]. However, it is contained in a unique
maximal order R by [2, Prop. 1.32.iii]. By [2, Prop. 1.60], R has an explicit expression of the form:

Nz zitzj+ 2P ifg =2,
N Z+Zi+Z%+Zl+TU otherwise.

We mimic the classic construction of continued fractions in Q, given by Browkin [4]. A natural choice
is to use a special type as described in Section 3.
First, we choose a set C of representatives for R/jR:

C= {a+bi|a,be {O,il,...,i%(p—l)”.

Thus, given o € B, we can define a floor function as follows:
e write « as the series

o0
a=) aj
l=r

where ay € C for each £.
o set

ifr > 0,

0
s = SO ajt ifr<o.

It is clear that the elements of QQ, seen as a subset of B, enjoy a finite continued fraction expansion
with respect to the special type T = (B, R, j, C) constructed above. In fact, their expansion coincides with
the classic Browkin continued fraction expansion considered in [4].

However, we claim that there exist elements in B whose continued fraction expansion is infinite. Some
natural candidates to prove this claim, in analogy with the classic construction by Browkin, would be the
square roots in Q, \ Q. However, none of them can be in fact seen as an element of B: a square-free integer
d is a square in Q, if and only if it is a quadratic residue modulo p, while Q(+/d) can be embedded in B
if and only if d is not a quadratic residue modulo every ramified prime - including p [21, Prop. 14.6.7].
Therefore, we need a subtler construction to find explicit examples of elements with infinite continued
fraction expansion.

Theorem 6.1. The type T = (B, R, j,C) constructed above does not satisfy the QCFF property.
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Proof. Suppose that the n-th complete quotient of some continued fraction has the following form:

ki o I
= 1 — 5
oy kzp’ pl]

where k1, k; are coprime integers not divided by p, ky ¢ {—1, 1} and r > 0. We write the Bézout’s identity
for p’™! and k;, i.e.

Vp’drl + wky = ky,

choosing the integers v, w in such a way that w € {—(p"*! —1)/2,..., (p""! — 1)/2}. Therefore, one can
check that

w(. 1.
a, = s(a,) = — <1+ —z]> .
r p

Moreover, since k, ¢ {—1, 1}, we have that v # 0, so the continued fraction does not terminate and the
next complete quotient is

kap” 1\ k 1
pt1 = (an — an)_l = szrl_)H : (i“l‘ ;U) = m <i+ EU) . 9)

We claim that the continued fraction expansion of

1(. 1“)
o0 =—-\i+ -y
q p

1 <.+ 1..)
o) = — 1 —1 5
- UTpY

vip+wiqg=1 (10)

for some integer w;. After writing v = v}p" with p { v} and r; > 0, the next complete quotient can be
computed using (9):

is infinite. Indeed, by (9),

where v, satisfies Bézout’s identity

where v; satisfies the equality
vp" Ew(p— v =1 (11)

for some integer w;. Notice that q cannot divide v}: otherwise, the contradiction 1 = 0 mod g would
follow from (10). Moreover, v| and v, have no common factors because of (11). Similarly, from (9) we
get

= —2 <i+ li->
T -Dus PJ
where v, = v,p" with p { v} and r, > 0,

v3p

for some integer w3, and p — 1 does not divide v, because v,p + wa2(p — 1)V} =1 # 0 mod (p — 1).
Moreover, v3 and v, have no common factors (otherwise, such factor would be also a common factor
of v} and v,). The form of each &, can now be derived by induction. Namely, first define the sequence
{Vu}nen as follows: v_; = vp = 1, and, for each n > 1, v, is the unique integer such that

1 / /
r+ + W3qu — Vl

— 1 ifniseven,
Vnprn—2+7n—l+1 + WnCVn—lpr"_z = pr"_lvn_z Wlth C = {1; lf}’l is Odd
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for some w,, € {—(p—2Tn-1tL —1)/2, .., (p'-2FTn-1F1 1) /2}, where r, denotes the p-adic valua-
tion of v,,. Then we have, for every n > 0,
/
ay = In-1 (i—l— l1]) with C' = (p=14q and v)_; = ol
C'vn p C Pt
In particular, the denominator in oy, is always a multiple of either g or p—1, so that it cannot be either 1 or
—1. As a consequence, the continued fraction expansion of &y never stops, which proves the claim. [

Corollary 6.2. If q divides p — 1, then the element

1(. 1.,>
0p=-\i+ -y
q p

has purely periodic continued fraction expansion. The period has length 1 if p = 3 and q = 2, and 2
otherwise.

Proof. This is just a specialization of the proof of Theorem 6.1. Namely, we can write Bézout’s identity
explicitly as

p
+—"- =1)
p p q

a——l (i—i—li')
e\ RY)

p+(=DHlp-D=1,

which gives a2 = . O]

so that, by (9),

Bézout’s identity is now

7. Roots of some quadratic quaternionic polynomials

In this section we show how Theorem 5.2 can be exploited to study the roots of a family of quadratic
polynomials 2 with coefficients in B.

A link between quadratic equations over quaternion algebras and continued fractions has already
been considered by Hamilton [8] in the special case B = ( _1@_1 ) The general case of quadratic equations

over (7115&71) has been dealt with in [11]. Namely, an equation

/

n n
Zao,zxm,zXaz,e + Z Bo,o XBre +vo =0, (12)
=1 =1
with ao.¢, 1,0, 2,0, Boe'> Bre> Yo € B, can be rewritten in terms of the components of X, say xo, . . ., x3,

with respect to the standard generators of B, obtaining
Joxo, ..., x3) + fi(x0, ..., x3)i + fa(x0, ..., x3)j + f5(X0, ..., x3)ij = 0
where fo, . . ., f3 are quadratic polynomials with real coefficients. Thus, « = t + xi + yj + zij € Bisa
solution of (12) if and only if (¢,x, y,2) € R* is a solution of the polynomial system
fo(xo,...,x3) =0
filxo,...,x3) =0
folx0,...,x3) =0
f3(x0,...,x3) =0.
Therefore, (12) has either no solution, up to 16 solutions or infinitely many.

2Here we generalize in an obvious way the notion of polynomial to this non-commutative setting.
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Littlewood’s arguments can be straightforwardly generalized to quaternion algebras over arbitrary
fields. However, to the best of our knowledge, not much more is known about quadratic equations with
coefficients in a quaternion algebra B over Q.

7.1. Rootsof X?> —aX — 1

An element a € B is said to be integral if its minimum polynomial over QQ has integral coefficients;
similarly, a € B is said to be p-integral if its minimum polynomial over Q has coefficients in Z[ 117]'

Lemma 7.1.

a) Let a € B be integral. Then, there is an order R in B such that a € R.

b) Leta € B be p-integral. Then there exists an order R € B such that a € R[%].

c) Leta € B be a p-integral element such that |al, > 1. Then, there exists a quaternionic type T =
(B, R, p, s) such that a € s(B).

Proof. If a € Z, then a lies in every order, so we can assume a ¢ Z. In this case Z[a] is an order in a
quadratic field K = Q(a) € B. Then, we can write a = n + Vdwith n,d € Z, so that it suffices to show
that there is an order R in B containing x = V. By the Skolem-Noether theorem [21, Thm. 1.2.1], there
exists an element y € R such that the yxy~! = —x. Then, it is immediate to see that Z[x, y] is an order
containing x, proving the first part.

Point b) is an immediate consequence of a) applied to p*a for a suitable k € N. Finally, we deduce
part ¢) by considering an order R such thata € R[ }l)] and a floor function s such that s(a+pRy) = a. [

Thanks to the previous lemma, we are able to prove a result about the existence of roots of certain
quadratic polynomials.

Proposition 7.2. Let a € B and p an odd ramified prime such that

. |a|p > 1,
 ais p-integral,
fWNec(@) _ 1.

\ﬂ|p
Then, the polynomial f(X) = X?> — aX — 1 has no root in B.

Proof. Lemma 7.1 and Proposition 3.11 ensure that there exist an order R and a floor function s such
that the periodic continued fraction [a] is a continued fraction of type T = (B, R, p, s). The p-adic limit
of [a], say &', annihilates f(X) and does not lie in B by Theorem 5.2. It is immediate to check that the
same holds for «” = —1/«’. In order to conclude, we only need to prove that f(X) has at most two
roots. Let @ € By, be another root; up to replacing o by o', we can assume that ||, = |al, > 1and
|—a™l p < 1.Itfollows that s(c) = a, hence @ and o’ have the same continued fraction expansion with
respect to the type t. Therefore ¢ = o'. O

Remark 7.3. If a ¢ Q, proving that f(X) has only two roots is even easier. In fact, if « is a root of f (X),
thena # 0anda = ¢ — 1/a € Q(@). Equivalently, each root of f(X) belongs to Q(a). Since Q(a) is a
field, it contains no more than two roots of X> — aX — 1, proving the claim directly.

7.2. More general quadratic polynomials

The previous argument can be exploited to prove a more general version of Proposition 7.2 for a larger
class of quadratic polynomials.
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Theorem 7.4. Let B be a division quaternion algebra over Q, p an odd prime at which B ramifies, and
ag, . . ., an a sequence of elements in B for some n > 0 such that, for each i € {0, ...,n},
° |ai|p >1,
o there exists a maximal order R C B such that a; € R, for every prime q # p,
o ifla;i —ajlp < 1, then a; = aj.
6(Noo(@) _ 1

\“i|p
Define the sequences Ao, ..., An and By, . . ., By, as in Section 3. Then, the polynomial

XBuX 4+ XBy—1 — A, X — Ap_q (13)

has no root in B.

Proof. Let o be a root of (13). Equivalently, by (8),

o =ag+ ! . (14)
a) +
R 1
az
. 1
-

1

ay + —

o
Proposition 3.11 ensures that there exists a floor function s such that [ay, - . ., a,] is a continued fraction

of type T = (B, R, p,s). The p-adic limit of [ay, ..., a,], say o/, satisfies (14) and does not lie in B by

Theorem 5.2.
Furthermore, following a well-known result for the classical case [7], we remark that (14) can be

rewritten as follows:

1 1
(a - aO) =a) + 1 >
a +
2 1
-
1
ay + —
which gives
-1 -1 1
((@—ap)” —a1) =ar+ —
S
1
ay + —
and so by induction
n 1 1
a ——
" 1 o
an—1+ 1
an—2 + . 1
"
i
a
0 —1/«a
Therefore, another root of (13), say &, is the inverse of the opposite of the p-adic limit of [a,, - - -, ag],

which is a continued fraction of type t by Proposition 3.11. Moreover, «” does not lie in B by
Theorem 5.2.
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In order to conclude, we need to show that (13) has no root in B, other than o’ and o”. Define
Apt1,Ant2, ... and By41,Byt2,. .. the sequences associated to [ay,- .., ay]. Since a,4+1 = ap, the
recursive formulas defining A; and B; yield

Ak 1)+t = Akt D)+4—10¢ + A1) 402 (15)
Bi(n+1)+¢ = Bk(n+1)+e—14¢ + Bi(nt1)+0-25

foreveryk > land £ € {0,...,n}, and « is a root of (13) if and only if
aBk(n+l)+na + aBk(n+l)+n71 = Ak(n+l)+n0‘ + Ak(n+1)+n71

& Bi(n-1)4n (Ol + Bk_(,11+1)+an(n+1)+n—1) = Ak(n+1)+n (Ol + A](_(L+1)+,,Ak(n+l)+n—1> (16)

-1

for every k > 0. We remark that (15) allows rewriting A ).,

1

Ak(n+1)+n—1 as follows:

A]<_(}1+1)+nAk(n+l)+n—l = A_l A
k(n+1)+n_1 k(ﬂ+1)+7l

1
= -1
an + Ak(n+1)+n,1Ak(n+1)+n—2
1
N 1
an + -
An—1+ A1) n—2Ak(+1) 403
1
N 1
a, + ]
an—1 + . 1
-1
a0 + A1)t 1) A= (n+D4n—1
1
N 1
an + ]
an—1+ . 1
=
ao
_ 1
Qk(nJrl)
for every k > 1, where {Qilien is the sequence of convergents of [dy, ..., do]. The same argument

yields B]:(LH)_‘_“B;((,[H)M,] = I/Qk(nﬂ),l. Denote by {Q;}ien the convergents of [ao, ..., d,]. By
Proposition 3.10, for any € > 0 there exists ke € N such that

o 4 —
Qkc(n+1)

o +——
Qk.(n+1)-1

max }le(n—ﬁ—l)—i-n —d

>

p)

p p
We ease the notation by setting Ac = Ak, (n+1)+n and B¢ = Bk, (n+1)+n> and rewrite (16) as

1 1
B o+ ——— | =A |+ ———
Qk, (n+1)—1 Qe (n+1)

1 1
S AR )

Qk, (n+1)—1 Qk.(n+1)
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Thus, if & # «” the following estimates hold:

1
-1 —1
N T max{ el 4B ']}
| —A€B€71| <e- _ - max {|alp, o[, €} .
P> e —arl,
This proves that & converges p-adically to o/, i.e. o« = o'. O

Remark 7.5. We note that (13) can be rewritten in the form Z?+tZ+u. Indeed, if we multiply polynomial
(13) by B, and put T = B, X, we get

T% 4 TBy—1 — ByAnB,'T — B,A,_1.
Setting Z = T + B,,—1, this becomes
Z* — (ByAnB, ' + By—1)Z + ByAuB, ' By_y — ByAu_1,

7> — (ByAnB,' + Bu-1)Z + Bu(AuB, ' — Ay 1B, DBy

t u

We stress that |u|, = 1 by (6). Moreover, it is possible to prove (using (7)) that

AnBy' — Ay1B Y = (D" B (BoBy Y (B1B3 Y . .. (Bu—aB ).

Given a polynomial
XAX + XB+ CX + D, (17)

there is no terminating algorithm - as far as we know - to check whether it has form (13) or not. Namely,
there is no effective way to check at once whether there exist or not a nonnegative n and a suitable
sequence of elements ag, a1, . . . , 4, satisfying the hypotheses of Theorem 7.4 and such that A = B,, B =
By_1,C = —A,;,D = —A,_,. If we limit the check to n < 2, nevertheless, we obtain a slightly more
general version of Proposition 7.2.

Corollary 7.6. Let f be the polynomial in (17). Then each of the following conditions is sufficient for f to
have no root in B:

i) A=1=—D,B =0, and the hypotheses of Proposition 7.2 are satisfied for a = C,

ii) B=1, C = DA — 1, and the hypotheses of Theorem 7.4 are satisfied for ap = —D and a; = A.

iii) C = (A — 1)B™'D + (D + 1)B™! and the hypotheses of Theorem 7.4 are satisfied for ag = —(D +
DB Yay =Banda, = (A — 1B~ L.

Proof. One can directly check that f has the form (13) for n € {0, 1,2} if and only if its coefficients satisfy
the constraints given in (i), (ii), or (iii). ]
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